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Topics: Linearization, Differentials, Newton’s Method, Closed Interval Method.

1. Use the result lim ST _ 1 to determine the following limits.
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NOTE: (*) We want to use g(z) = 3z since we have sin 3z in the numerator. So, we need the
denominator to be 3z. Balance it by multiplying a 3 to the numerator.
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(Let y = <. Note that  — oo implies that y — 07.)

2. For the function f (x), write down the linearization L (z) = f(a) + (z — a)f/(a) at x = a.

(a) f (@)= Va7 49, a=—4



(b) f(z)=tanz,a=m

[Solution]
(a) f(z)=+v22+9and f'(z) = N

At a = —4, f(—4) =5 and f'(—4) = —4/5 so that

4
L(z) =5—g(x+4).
(b) f(z) =tanz and f'(x) = sec’ x.
Thus, at x = 7, we have f(r) =0 and f'(7) = 1.
Hence, we have

. Use the linearization of a suitable function f(z) at a point = a to approximate +/7.99.
[Solution] We shall use the linearization of f(z) = ¥/x at z = 8 to approximate v/7.99.

1 - 1 - 1
We have f(8) =2 and f'(z) = gﬂJTQ, so that f'(8) = 5872 =T
Thus,
! (:C — 8)
L(z)=f(8) + (x —8)f'(8) =2+ 5
Hence, we have
7.99 — 8) 1
v ~ L(7. =2 ( =2
7.99 (7.99) + D 1200
. The function f(x) = 222 + 42 — 3 changes value when z changes from zy = —1 to z; = —0.9. Find

(a) the change Af = f(z1) — f(z0);
(b) the value of the estimate df = f'(xg)dz, where do = 21 — xp; and
(c) the approximation error |Af — df|.

[Answers] Note that f(z) = 22% + 42 — 3 and f'(z) = 42 + 4.
(a) 0.02 (b) 0 (c) 0.02

. Write a differential formula that estimates the given change in the Volume V = 7r2h of a right circular
cylinder when the height changes from hg to hg + dh and the radius does not change.

[Solution]

S'(h) = nr?

Thus, we have
dV = (V'(hg)) - (dh) = 7r*(dh).

For example, when r =4 cm and hy = 0.1 cm and dh = 0.01 cm, we have

dV = 7r?(dh) = 0.167 ( cm?).



6. Use Newton’s method to estimate v/2, the positive fourth root of 2 by solving the equation z* —2 = 0.
Start with zg = 1 and find z5.

[Solution] Let f(x) = z* — 2. Then f/(x) = 4x3.

The Newton’s iterates are .
T ) T
n

When n = 0, we have zg = 1, and we compute

_ flwo) o -1
1 = 2o — f/({I:()) =1 1 —1.25,

and
_ flz1) (1.25)* =2

7. Use the Intermediate Value Theorem to show that f(z) = 2 + 2z — 4 has a root in (1,2). Then use
Newton’s Method to find the root to five decimal places. (Answer: 1.17951)

[Solution] The function f(x) = 2% + 22 — 4 is continuous on [1,2]. Note that f(1) = —1 < 0 and
f(2) =8 > 0. By the Intermediate Value Theorem, f(c) = 0 for some ¢ € (1,2).

The Newton’s iterates are

LTn+l1 = Tp — f’(x)
n

We have f(z) = 23 + 22 — 4 and f'(z) = 322 + 2.
When n = 0, take o = 1. Then

Ty = 11 — ;/((”;11)) =12- }f,((ll';)) =12- % = 1179747
T3 = Ty — J{[,((‘Z)) ~ 1.179509
w4 = w3 — ;,((Z)) ~ 1.179509

Approximated Solution is z = 1.179509.

8. Use the closed interval method to find the global (absolute) maximum and minimum values of f(x) =
V4 — 22 on the interval [—2,1].
(Answer: Global maximum: 2, global minimum: 0)

[Solution] The function f(xz) = V4 — z? is continuous on the interval [—2,1]. Thus, it has a global
maximum and minimum values.
—x

VA — 22

Its derivative is f'(x) =



10.

Thus, f has not singular point in (—2,1). It remains to find all stationary points points of f on (—2,1).
Setting f'(x) = 0, we have x = 0 as the only stationary point.

Comparing values of f at critical points and end-points:

[(=2)=0, J(0)=2, f(1)=V3.
Thus, the global maximum of f is f(0) = 2 and its global minimum is f(—2) = 0.

Find the global maximum and minimum values of f(z) = e® — 2z on [0, 1].
[Solution] Since f(z) is continuous on [0, 1], we use closed-interval method.
(1) f'(x) = e® — 2 at every = € (0,1).

— No singular points.

— Stationary points: f/(z) =0 <=z =1n2.

(2) End points z =0 and x =1

(3) Comparing f(0) =1, f(In2) =2 —2In2 = and f (1) = e — 2, we have

fIn2) < f(1) < f(0).
Therefore the global maximum is f (0) = 1 and
the global minimum is f (In2) =2 — 2In2.

A rectangle has its base on the z-axis and its upper two vertices on the parabola y = 12 — z2. What
is the largest area the rectangle can have, and what are its dimensions?
[Solution]
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Note that the area A(z) of the rectangle is A(z) = 2z(12 — 2°) where z € [0, /12].

We use Closed-interval method.

To determine all critical points in (0,v/12), we first note that A’(z) = 24 — 6x2. Thus, there is no
singular point.

For stationary points, we set A’(z) = 0, i.e., 24 — 62> = 0, which give 2 = 2 or —2 (rejected).
Comparing values of A(z) at end-points and critical points:
A(0)=0, A(2) =32 and A (\/12) =0,

we conclude that A (2) = 32 is the global maximum of A and the rectangle has dimension 4 units by
8 units.



