Nanyang Technological University

SPMS/DIVISION OF MATHEMATICAL SCIENCES

2015/16 Semester 1 MH1810 Mathematics I

Tutorial 12

1. Find the values of p for which the integral converges

(a) /12$(h11$)pdm
(b) /;Ox(lnlx)pdx

Solution By letting v = Inz, we have
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The integral converges when p < 1 and diverges when p > 1.
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The integral converges when p > 1 and diverges when p < 1.

2. Estimate each of the following definite integrals using the Trapezoidal Rule with n = 4.

(a)/12mdm (b)/13(2x—1) dx
Solution

Trapezoidal Rule with n = 4.
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(a) [a,b] = [1,2], then zg = 1,31 = 5/4, 22 = 6/4, x5 =7/4, 4 =2 and Az = 1.
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4 2 2
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(b) [a,b] = [1,3], then mg = 1,21 = 1.5, 32 = 2, x5 = 2.5, x4 = 3 and Az = 1.
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. Estimate each of the following definite integrals using Simpson’s Rule with n = 4.
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Solution

Simpson’s Rule with n = 4.
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(b) [a,b] = [-2,0], then zg = —2,21 = —1.5, zg = —1, 23 = 0.5, 74 = 0 and Az = 3.
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4. Prove that the volume of the cone with height h and radius r is %7‘(‘7‘2}1.

Solution

Consider ¥ + 2 =1, ie,y=h(1-%).

Then the solid formed by revolving the area bounded the line y = h (1 — %) and the z and y axes is a
cone height i and radius 7.

Cylindrical Shell Method

Height of a typical shell = h (1 — %) ,

Circumference of a typical shell = 27x

Volume of a typical shell = 27xh (1 — %) ox.

Therefore
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(a) The equation of a circle with center at the origin and radius 7 is described by the equation

22 + y? = r2. Use integration to prove that the area of the circle is wr2.

(b) When the region bounded by the z-axis and the curve y = vr2 — 22 for —r < z < r is rotated
about the z-axis, a sphere with radius r is obtained. Use integration to prove that the volume of

4
the sphere is given by 571'7“3.

Solution

(a) Equation of circle : a2 + y? = r?,

The circle is enclosed by y = vr2 — 22 and y = —/r2 — 22.
The area of a typical strip: A (z) = [Vr? —2? — (—Vr? — 2?)] 6z = 2v/r? — 220w

Therefore the area of the circle is ,
A= 2¢/ 712 — 22dzx.

—r

To evaluate [ 2v/12 — 22dz, let x = rsinf. Then ‘é—g =rcosf. So 1 =rcos 0%

/2\/7‘2 — 22dx = /2 r2 — r2sin® Odz
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When z = r = rsinf, sinf = 1 and thus 0 = 5. When z = —r, rsinf = —r, thus § = — 7.

Hence,

r in 20 w/2
A= 2V 12 — a2de =12 [sm —|—9] = 7.

-r 2 —7/2

(b) A typical cross section is a disc of radius vr? — z2.
2
Therefore the volume of a typical cross section is 7 (\/ 72 — x2) ox.

Hence volume of the solid is



6. Use integration by substitution to prove the following.
(a) /tanxdm =lIn|secz|+ C

(b) /secxdw =In|secz + tanz| + C

9 11
(c) /sin3 weosdadr = -2 L 4 &8 4 ¢
9 11
Solution
(a) /tanxdx = /Smxdx.
CoS T
Let ©w = cosz. Then % = —sinz. Therefore
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Let w = secx + tanz. The % = sec z tan x + sec? x. Therefore
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Let u = cosx. Then g—; = —sinz. Then

/sin3 x cos® xdx = /sinm (1 — cos? x) cos® xdz
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COS™ X Ccos &
=- + +C.



