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2015/16 Semester 1 MH1810 Mathematics I Tutorial 10

Topics Fundamental Theorem of Calculus, Basic integration techniques: Substitution, by-parts, partial
fractions.

PRACTICE MAKES PERFECT!! To master techniques in integration, firstly, we have to familiarize
with the antiderivatives of basic functions. This is important in the technique by substitution and integration-
by-parts. Secondly, understand various basic techniques in integration. Through practice and observation,
you will be able to summarize when to use which techniques. Sometimes, we have to try out different
techniques.

1. Find each of the following derivatives.

(a) % </1$(2 +14)° dt)
(b) % ( /1 (/)L sin3tdt>
(©) % < / 51 cos(u2)du>

[Solution]

(a) Since the function f(t) = (2 + t*)® is continuous, by the Fundamental Theorem of Calculus, we

have J "
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(¢) Note that

Thus,



2. Find a function f(z) and a value for the constant ¢ such that

¥ 1
/ tf(t) dt =sinz — xzcosx — 5:1:2, for all real x.

(Answer: f(z) =sinz —1,¢=0.)
[Solution]

Substituting the given equation with x = ¢, we obtain

2
0=sinc—ccosc— —.

By inspection, we may choose ¢ = 0.
Differentiating the above equation with respect to x, we obtain

xf(x) =cosz — (cosx — xsinx) — x = z(sinz — 1).

Thus, we may choose f(z) =sinz — 1, for all real x.

3. Evaluate the following definite integrals.

3 2 3
vy 31 z- (=13 8 .1
(a)‘/l <5_2+$2_])> dx:{5x—4+$—lnx|1:10—4—3(_1)_1n3:10_1n3
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(b) /1 (2> — 22 +3) do = [”“"3

(c) /19 <\/5+;5> do = [§?§+J£i_§(271)+2(31)_6;
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/2

(h) f(z) dx where f(z) = {

—T

e if —m<z<0,
cosr if0<x<m.

[Solution]
Tl'/2 0 71_/2 0 71_/2
/ J(@)de = f(z) dz +/ f(z) doe = / e’ dx +/ cosx dx
. . | - 0
= ()%, + [sina]]/? = ® — ™™ + (sin(r/2) —sin(0) =2 — e~ "
0.5
i 1 1 705 T
® 0 ﬁ d = [sm m]0 =%
V3 1 o )
) ‘/1 1+ a2 dr = [tan_lx]l = tan 1(\/§)—(tan 1(1))25—125

4. Evaluate each of the following integrals by an appropriate substitution.
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2 2
:/ \/ﬂdu:§u3/2+C:§(7w—1)3/2+C

()/( ) do (let u=a*+ 1, u' = 4a°)
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5. Evaluate the following integrals.

(a) / sIng d
(b) / sin”!y dy

(c) / xe " dx

(d) / v sin(rz) dz
(e) /sin (Inz) dx.

[Solution]

(a) / zlnz dz

Integration by parts: /u(x)v’(ac) dr = u(z)v(x) — /u’(m)v(x) dx

w=Inz and v =2z
2
W=Landv=2
x 2

x? 1, 22 2?lnx 1
1 :—1 — —)— = — —
/a:na:da; 2(nx) /(x)de 5 2/$d$

(Exercise: Check your answer: Is —

d (z®lnzx 2
dz

(b) /sin_ly dy
Integration by parts:

uw=sin"lyand v =1
/ 1

u:\/ﬁandv:y

.1 .1 Yy .1 1 1 . . 2
sin” "y dy = ysin yf/i dy =ysin "y — 7/ dt substitution ¢t = y
/ V1—192 2 V31—t

1 1-1t
:ysin_1y+2(1/2>—|—C:ysin_1y+\/1—y2+0

(c) / ze Tdx

Using integration by parts,
with u =z and v/ = ™7,

we have ' = 1 and v = —e~%. Thus, we have

/ ze Tdx = —ze " — / (—e™®)dx = —ze " —e "4+ C



(d) / xsin(rx) dx
Integration by parts:
u =z and v’ = sin(7x)

— cos(mz)
™

v =1and v =

/ xsin(rz) der =

—x COS(T('Q? sm 7r:c)

—xz cos(mx) cos(mx) / — cos(mx)

™

(e) /sin (Inz) dx.
Integration by parts:
u=sin(lnz) and v’ =1

cos(In x)
z

u = and v ==z

/sin (Inz) dez =zxsin(lnz) — /x <cos(;nm)) dx = zsin(Inz) — /cos(lnx) de — ——(1)

We solve / cos(Inz) dz using integration by parts:

u=cos(lnz) and v/ =1
/ _ —sin(lnw)
x

u andv ==z

/cos (Inz) dz =z cos(Inz) — /x <—s1nx(1n:t)) dx = x cos(Inz) +/Sin(lnx) de — — — (2)

Replacing (2) into (1), we have,

/sin (Inz) dz = xsin(lnz)— (m cos(lnz) + / sin(ln z) dx) = zsin(lnz)—z cos(Iln x)—/ sin(Inz) dx .
(S ——
shift to left

Shifting the term [sin(lnz) dz gives
2 / sin(Inz) dz = zsin(lnz) — x cos(ln z).

Hence we have )
/sin(ln x) dx = 5 (zsin(Inz) — zcos(lnzx)) + C.



6. Evaluate the integrals.

-1
(a) / mdx (Answer: —2In|z+ 1|+ 3ln|z + 2|+ C)

T+ 4
z2+5:c+6

x+2) ———————dx (Answer: %ln|w—3\+lbln|x+2|+ﬁ+c)

d::: (Answer: x —3In|z + 1] — erJrC)

3
;c+1
2+ 16

2 +2x+5
———————d=z (Answer: In(z? + 4z + 13) — 2 tan"}(££2) + C )

® [ Finrs
CNE-=
W [5F
CFEST
0 | v
®

x2+4x+13

[Solution]

-1
(a) / ;% (Answer: —2In|z + 1|+ 3Injz + 2|+ C)

z2 + 3z + 2
[Solution] Note that 2% + 3z + 2 = (z + 2)(z + 1). Thus we express m into partial
fractions:
x—1 A B

x2—|—3m+2:(a:—|—1)+x+2
which gives x — 1 = A(z + 2) + B(z + 1).
Solving for A and B, we have
z—1 2 n 3
243242 (z+1) x+2

z—1 -2 3
———— dr = —+ —— dz = -21 1]+ 31 2|+ C
/x2—|—3x—|—2 v / (x—|—1)+x—|—2 “ nlo+1l+3n e +2]+

(b) Expressing into partial fractions, we have

z+4 B r+4 -1 2

22 +52+6 (v+3)(x+2) _a:+3+x+2'

Thus, we have

Tz+4 —1 2
—— dx = —— + ——drx=-1 3| + 21 2|+ C
/x2+5x+6 v /x+3+x+2 v nlz+ 3|+ 2z +2+

2
x
(C) /mdl' (AnSWer: %ln|x—3‘ + 1 1n|x+2|+ﬁ+0)

[Solution]

22 [ 9/25 16/25  —4/p
/(x—3)(x+2)2 dx—/ :c—3+x+2+(ac+2)2 de

9 16 4
=—1 -3+ =1 2|+ —+C
5 n|z |—|—25 nlz+ |+5(:1:+2)+




3
x
(d) /mda: (Answer: z — 31n |z + 1 —%H—l—m—l-C)

[Solution] Note that

3 _ 3 1 32 4+3zx+1
(413 (@3 +322+3z+1) (23 + 322+ 3z +1)
. . 322 +3x+1
Partial fractions of @ 4322 1 30+ 1) :
322 +3z+1 _3x2+3x+1_ A . B . C
(@3 +322+3z+1)  (z+1)3  z+1 (2+1)2  (x+1)3

Solving for A, B and C, we have

3
1
T 1 3 3

@r1P ral  @al? @rlp

Therefore, we have

/ ” /1 53 L4
— dr = — — i
(x+1)3 z+1 (z4+1)?2 (x+1)3
3 1
=z —31 1| — C
z—3n|z+ 1] x+1+2(x+1)2+

[Alternative solution] We use substitution y = x + 1:

z3 —1)3 332 +3y—1 1 _ _
e e R R e A G A e K

o, oy? 3 1
=y —3lnly| — 3y f—+0:($+1)73ln\m+1|7m + +C

—2 17 2@ +1)2
1
—d
() /x2—|—16 v
1 1

[Solution] We use the formula: /7 dr = = tan~! (,) +C.
2 +a? a a

1 1 (T
/x2+16 dv = 7 tan <Z>+C

1
f ——d
(®) / 22+ 2x+5 *
Note that the discriminant of 22 + 2z + 5 is b? — 4ac = (2)? — 4(1)(5) = —16 < 0.
Therefore, the quadratic function z? 4+ 2z + 5 is irreducible.

Completing square, we have 22 + 2z + 5 = (z + 1)2 + 4. Thus we have

1 1 1
———F——dr= | ——5— dx = | ——F%5 du, wh _ 1
/z2+2z+5 v /(:1:+1)2+4 z /u2+22 u, where u = x +

1 1 1
:ftan*I%JrC:ftan*l <$+ >+C.

2 2 2



z . . 2 —1/z42
(g) / mdl‘ (AaneI‘. 111(.]32 —+ 4:13 —+ 13) -3 tan 1(%) + C )

[Solution]
Note that 2% + 4z + 13 is irreducible because its discriminant *> — 4ac = 16 — 4(1)(13) < 0.
By completing square, we have 2% + 4z + 13 = (z + 2)% + 9.

x .
Express P13 in the form
AQ2z +4) B
22 +4x 413 22 +4x+13
(2z +4)

where the numerator of the first term is the derivative of the denominator.

2 4+ 42 + 13
Note that A = % and hence B = —2.

Thus, we obtain
x
-
/ 22+ 42 + 13 v

/ 12z +4) 2 J
= - :L‘
2 +4x+13 22 +4x+13

1 1
=_In@’+4z+13)-2 | —————d
2n(x+x+ ) /(x+2)2+9 x
1 2 2
= —In(2? + 42 + 13) — ftanfl(x—i_ )+ C
2 3 3
. Evaluate/ 23 tan! x da.
1 4
[Solution] We use integration by parts: u = tan~'z and v’ = 23 so that v’ = T2 and v = %
x
/ 3 tan"t 2 dr
4 4
x 1 T 1
= Z tan xr — Z W dz

ritan~lz 1 9 1
= = -1 — | d
1 4/(($ )+ 1+:r2> .



