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Improper Integrals

We know that a continuous function is Riemann integrable over a closed
b
and bounded interval [a, b] i.e., the integral / f(x) dx has a finite value.

a
More generally, if f is not continuous at a finite number of points in [a, b],

b
then / f(x) dx exists.
a

However, when the integrand f is not bounded on [a, b] or the interval
[a, b] is no longer bounded, we have to consider the corresponding
integrals carefully, and the integral may or may not converge to a finite
value. Such integrals are known as improper integrals.
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Improper Integrals (1): Unbounded Integrand

We shall discuss two types of improper integrals.

1 Unbounded Integrand f(x).
11
/,1 ; dX,

Consider the integral
_ . 1 .
which is not defined on [~1,1], and — is not bounded on [~1,1]
X

) 1 )
since lim — = oco. For the same reason, neither

x—>OX2
01 11
/ —2dx nor/ —2dx
1 X 0 X

are defined (in the Riemann sense).
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Improper Integrals (2): Unbounded Interval

2 Unbounded Intervals.
Consider the integral / ——5 dx and / — dx.

o0 X3
Both intervals [1, 00) or (— ,—1] are not bounded.

The above integrals are called improper integrals.

How should we assign meaning to such an improper integrals?
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01
Evaluate/ — dx.

_1x2

. . 1 . . .
Since Ing — =00, 0 is known as the singular point. We replace the
x—0~ X
upper limit 0 by a variable t < 0:

t 1
— dx.
/4 x?
01
and, define the improper integral / — dx as follows:
1 X

0 1 t 1
[ aax=tim [ e
-1 X t—0- J-1X
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Therefore

t

01 t 1 -1
[ max=lim [ dx= lim <)
-1 X t—0-J-1 X t—0— X
—1
= lim (—1) = 0.
t—0— t

We say that the improper integral fgl Xl—z dx diverges to infinity.
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Eval ' L d,
va uate/ — ax.
0 v/2x — x2

v

1
Note that |lim ———— = oo. The integrand has a singular point at 0.
0t ox =52 ¢ e
Thus, we have
1 1 T 1 1
fo Tt dx = lim;_ o+ (ft Wopmi dx)
1

= lime_o+ | J, —— dx
=0t \Je Visoie

. . T
We say that the improper integral converges to X

A\
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Eval ’ ! d
valuate [ —— dx.
/0 V2x — x2

Solution
Note that i L d i
ote that Im ——— = o and Im ——— =
x—0t 1/2x — x2 x—27 \/2x — x2
. 1 : .
However, the function IS continuous on (0, 2). We evaluate the

2x — X
given improper integral as follows:

2 1 1 2
VY N S I S
0 V2x — x2 0 V2x —x2 1 V2x — x2

1
The integra// dx is an improper integral which is evaluated
0

1
V2x — x2

in the preceding example.
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Solution

2
We evaluate the improper integral / dx as follows:
1

1
V2x — x?

dx = lim

2 1 t 1
- = — dx
/1 V2x — x2 t—2- (/1 V2x — x2 )
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Thus, we have

2 1 1 1 2 1

/7dx:/ 7dx+/ S SN

0 V2x — x? 0 V2x — x? 1 V2x — x?
2 2

The improper integral converges to 7.
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Improper Integral (2): Unbounded Intervals

Improper integrals over an unbounded interval:
[=9) b o
/ f(x) dx,/ f(x) dx,/ f(x) dx
a —00 —00
To integrate over an unbounded interval

@ Replace the interval by a bounded interval, and

@ Pass the definite integral to limiting process: t — oo or t — —o0.
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Unbounded Intervals (a)

For the improper integral / f(x) dx, we define it as
a

t—oo

® ]
Evaluate/ —2dx.
1 X

/aoof(x) dx = lim /atf(x) dx.

v

t

X =

© 1 T t 1 T
fl ;de—llmt_wo fl Xﬁ;dx—llmt_,oo —

= limimoo (1 4+1) = 1.
Thus, the improper integral f1°° X—lg dx converges to 1.

A\
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Unbounded Intervals (b)

For the improper integral / ) dx, we define it as

/b F(x)dx = lim /tbf(x)dx.

—00 t——0o0

|
Evaluate/ —= dx
%

v

11
foox3 dx = lim;_,_ °°ft 53 dx
=il
1

an

= lim¢seo (—1/2 — ( 52)) = —1/2.
Thus, the improper integral f :ot X% dx converges to —1/2.
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Comparison Test for Integrals

Often, we want to estimate whether a given improper integral is
convergent or divergent. We may use comparison theorem (stated below)
to compare with a known convergent or divergent improper integrals.

Theorem (Comparison Theorem for Integrals)

Suppose f and g are continuous functions such that f(x) > g(x) >0, for
x > a. Then

QIf / f(x) dx converges, then / g(x) dx converges.

Q If / g(x) dx diverges, then / f(x) dx diverges.
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© 1
Determine whether / nx dx converges or diverges.
2 Inx

v

For x > 2, we have Inx < x (why?), so

1

>
In x

X |

However, we have

(5] t
/ ldx:lim (/ ldx):Iim (Int —In2) = 0.
2 X t—oo 2 X t—00

By the Comparison Theorem, we conclude that f;o ﬁ dxalso diverges.
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The following improper integrals known as p-integrals are useful in
comparison test.

Theorem (p-integrals)
Suppose a € R and a > 0. Then

()

o=
% 1 for p > 1,
/—pdxz p—1
g A 00 for p < 1.
(b)
al P
a1 for p < 1,
/—pdxz 1—p
e [eS) forp > 1.
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Proof of (a)

b 1 —p+1 _ ,—p+1
Note that / —dx = b—a, if p#£1.
a p p

lim — ifp#1
® 1 t 1 —00 —
/ —dleim/—dx: ‘ ptl
2 xP t—oo J, xP
tIim (Int—1Ina), if p=
al=p
, if —p+1<0, ie,p>1,
) p-1
00, if —p+1>0,ie,p<1
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