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Parametric Di¤erentiation

Suppose x and y are functionally dependent but can be expressed in terms
of a parameter t, i.e., �

y = u(t)
x = v(t)

Then we can di¤erentiate y with respect to x as follows, (provided
derivatives u0(t) and v 0(t) exist, and v 0(t) 6= 0):

dy
dx
=

dy
dt
dx
dt

=
u0(t)
v 0(t)

.

Note that we also have

d2y
dx2

=
d
dx
(
dy
dx
) =

d
dt (

dy
dx )
dx
dt

.
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Example

Example

Let x = 9(t � sin t) and y = 9(1� cos t). Then

dy
dx
=

dy
dt
dx
dt

=
9(sin t)

9(1� cos t) =
2 sin t2 cos

t
2

2 sin2 t2
= cot

t
2
.

d2y
dx2

=
d
dt (

dy
dx )
dx
dt

=
d
dt (cot

t
2 )

9(1� cos t) =
�1
2 csc

2
� t
2

�
2 sin2 t2

= � 1

4 sin4 12 t
.
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Implicit Di¤erentiation

When x and y are functionally dependent but this dependence is implicitly
given by means of an equation F (x , y) = 0, we apply the chain rule to
di¤erentiate implicitly to obtain y 0 in terms of x and y .
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Example

Example

Find
dy
dx

if 3x4y2 � 7xy3 = 4� 8y .

Solution
Di¤erentiating 3x4y2 � 7xy3 = 4� 8y with respect to x:

3(4x3)y2 + 3x4(2y
dy
dx
)� 7y3 � 7x(3y2 dy

dx
) = �8dy

dx
.

By rearranging the terms, we have

dy
dx
=

12x3y2 � 7y3
�6x4y + 21xy2 � 8 .

Tang Wee Kee (Nanyang Technological University)MH1810 Math 1 Part 3 Di¤erentiation 5 / 13



Power Rule for Rational Exponents

Recall we have:

d(x3)
dx

= ,
d(x�3)
dx

=

What about the following

d(x3/2)

dx
= ,

d(x�3/5)

dx
= ?
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Power Rule for Rational Exponents

For a rational number r = m
n , where m 2 Z and nZ+, the expression x

m
n is

x
m
n =

�
x
1
n

�m
.

Theorem

Suppose r =
m
n
, where n is a positive integer, and m 2 Z. Then

d
dx
(x r ) = rx r�1.
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Proof of the Power Rule for Rational Exponents

Proof.

Let y = x
m
n . Then yn = xm .

Di¤erentiating yn = xm ( implicitly ) with respect to x , we obtain

nyn�1
dy
dx
= mxm�1.

Rearranging the terms, we have
dy
dx
=
m
n
xm�1

yn�1

=
m
n

xm�1

xm(n�1)/n
=
m
n
xm�1�m+m/n =

m
n
x
m
n �1.

Replacing m
n by r , we have the required result

d
dx
(x r ) = rx r�1.
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Example

d
dx

�
x3/2 � πx�9/5 + x1/3

�
=
3
2
x1/2 +

9π

5
x�14/5 +

1
3
x�2/3.
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Logarithmic Di¤erentiation

More generally, we have the power rule for a general real number r :

Theorem
Let r be a real constant. The function f (x) = x r is de�ned for x > 0, and

f 0(x) = rx r�1.

To verify the above derivative, we use the technique known as logarithmic
di¤erentiation.
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Logarithmic Di¤erentiation

Let y = x r . Since ln x is an injective function, we apply the function ln x
to y = x r . This gives

ln y = r ln x .

Di¤erentiate implicitly with respect to x , we have

1
y
dy
dx
= r

1
x
.

Thus, we have
dy
dx
= r

�y
x

�
= r

�
x r

x

�
= rx r�1.
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Example

Example

Find the derivative d
dx (x

π � πx ) .
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Example

Example
Find the derivative of y = xx for x > 0.
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