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Rectangular arrays of real numbers (or complex numbers);

Wide applications in this modern generation;
in sciences and engineering as well as social sciences;

Heavily involved in computer science, computer engineering, statistics;

Especially useful with large amount of data.

@ Provides a neat representation of data;
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Matrix Notation and Terminology

@ For positive integers m and n, an m X n matrix A is a rectangular
array of mn numbers (real or complex numbers) arranged in m
horizontal rows and n vertical columns:

a1 d12 - ayy ot ain

a1 daxp -+ ay v arp
A=

ajt a2 - adj ot din

dml dm2 *°* dmj - dmn

The (i, /)th entry (or simply jj-entry) is the term a;; found in the ith row
and jth column.
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Matrix Notation and Terminology

The ith row of A, where 1 < j < m, is
(a1 ai -+ ain ),
while the jth column, for 1 < j < n, is

alj
azj

amj
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Notation and Terminology

Capital letters A, B, C, ... are used to denote matrices, and lowercase
letters a, b, c, ...to denote numerical quantities. Some examples:

a b c
A:[é g g],T: d e f |, z=|2 2 = =%
Xy z Yo y2 Y3 w
Both square brackets or round brackets are used to enclose the array of
entries.
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Terminology

The number m of rows and the number n of columns describe the size of
a matrix. We write it as m X n, and read as ‘m by n'.

The matrix
a1 412 -+ din
ax axp -+ ap
A=
dml dm2 "  Admn

is sometimes written as

[3jj] 5, OF simply [aj] .

To refer to the (/,j)th-entry of the matrix A, we may use the notation Aj;.
SO, A,'J' = ajj.
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1 3 25 7

For A = 9 6/11 3 0 |,wehave Aj3;=1,A1 =9, A =3
-2 -4 -8 2

and Az = V2.

NOTE Usually, we match the letter denoting a matrix with the letter
denoting its entries.

For a matrix B, its jj-entry is bj;.
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Row and Column Matrices

When m = 1, the matrix has only one row,i.e.

A:[al a az - a,,]

We call this matrix a row matrix .
When n = 1, the matrix has only one column,i.e.

b
by
B—=| b3

bm

We call such matrix a column matrix.
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The m X n matrix with zeros as its entries is called the zero matrix and we
denote it by 0.
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Square Matrices

When m = n, we call A a square matrix of size n. (The rectangular array
now looks like a square.)

For an n X n square matrix

dil d12 -+ din

dp1 a2 -+ dap
A=

dpl dp2 - ann

The entries ai11, a2, a33, ..., any are called the diagonal entries. They are
on the main diagonal of A.
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Identity Matrices

The n X n square matrix where all the entries along the diagonal from the

top left to the bottom right are 1, and 0 elsewhere, is called the identity
matrix.

It is often denoted as /,.
Some examples:

1 00
Igz(é?), L={ 0120
0 01
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Diagonal Matrices

The n X n square matrix where all the off diagonal entries (i.e. entries
below and above the main diagonal) are 0 is called an diagonal matrix.

300 0

a 0 o0
030 0
A_g(e)o B=1000 0
£ 000 7
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Upper Triangular Matrices

The n X n square matrix where all the entries below the main diagonal are
0 is called an upper triangular matrix.

L e 13 5 0
A= 0 e f 5203_29
00 00 0
£ 00 0 08
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Lower Triangular Matrices

In a similar way, a lower triangular matrix is a square matrix where all the
entries above the main diagonal are 0. Eg.

53 0 0 0
4 3 0 0
C:(j 2) B=|1/2 0 n 0
0 -1 04 V2
1 3 5 7

O O O O o
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Scalars

Lastly, the term scalars refer to real numbers or complex numbers in
discussing matrices (and vectors).
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Equality of Matrices

Definition

Two matrices are defined to be equal if they have the same size and their
corresponding entries are equal.

Matrices A and B are equal if they have the same size (same number of
rows and same number of columns) and Aj; = Bj; for all i and j. (Here,
note that if the size of both matrix is m X n, then 1 </ < m and
1<j<n)
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Find a, b, c and d if

a—>b b+ c 181
3d+c 2a—4d | |7 6 |
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Example (Solution)

Note that both matrices are 2 by 2. For matrices to be equal, each
corresponding entries must be equal. Therefore we have

a—b = 8
b+ c 1
3d+c¢ 7
2a—4d = 6

Solving for a, b, ¢ and d, we obtain a =5,b = —3,c = 4, d = 1.(Exercise)
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Let A be a 3 X 4 matrix whose (i, j)-th entry is defined by
Aj = (=1)"2i 4.
Write down the matrix A.

[SOLUTION]
A = (—1)M12(1) +1=3Ap = (-1)"*?2(1) +2 =0,

Az = (—1)V32(1) +3=5Au = (-1)12(1) +4 =2

Therefore
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i+j ifi>y
Let B = [bjj] be a 3 x 3 matrix where b = ¢ 0 ifi=j .
—jifi<
Find B.
[SOLUTION] (Exercise)
0 -2 -3
B = 3 0 -3
4 5 0
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Addition and Subtraction

If A and B are two m X n matrices, then

(a) the addition (or sum) A 4 B is the matrix obtained by adding entries
in the same positions, i.e.,

(A+ B)jj = Aj + By

(b) the difference A — B is the matrix obtained by subtracting entries of
B from the corresponding entries of B, i.e.,

(A—B)j = Aj — Bj.
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1 2 3 7 8 9
LetA—(4 5 6)andB—<1O 1 12).Then

A4 B— 1+7 248 349\ ([ 8 10 12
“\4+10 5+11 6+12 ) \ 14 16 18

1-7 2-8 3-9 -6 —6 —6
A_B_(4—1o 5—11 6—12)_<—6 —6 —6)'

WARNING!!! Matrices of different sizes cannot be added or subtracted.
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Scalar Multiple of Matrices

Here, by a scalar, we refer to a real number or a complex number.

Definition

If & is a scalar and A is an m X n matrix, then the scalar multiple aA is the
m X n matrix obtained by multiplying each entry of A by «, i.e.,

(xA)j; = a(Aj).
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Example

Let A=
2 6 10 -3 -9 —15
2A = ( 14 18 22 ) (=9A= ( —21 —27 —33 ) and

)

g 2 > Then

7N
~N =

W[+~
>
Il
/N
I~
w =
w|Zwion
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Some Algebraic Laws of Matrix Operations

Theorem
Assuming the sizes of matrices are such that the indicated operations can
be performed, the following rules of matrix arithmetic are valid.

@ A+ B = B+ A (Commutative Law for addition)

Q@ (A+B)+ C= A+ (B+ C) (Associative Law for addition)

@ A+0=0+ A= A (Additive Identity)

Q@ A+ (—A) =0 (Additive Inverse)

Q0-A=-A
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Some Algebraic Laws of Matrix Operations

Assuming the sizes of matrices are such that the indicated operations can
be performed, the following rules of matrix arithmetic are valid.

Q@ «(A£B)=aAtaB
@ (a£p)A=aA+pA
0 «(BA) = (aP)A
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Matrix Multiplication

Definition

If Aiisan m X r matrix and B is an r X n matrix, then the matrix product
(or simply the product ) AB is the m x n matrix whose (i, j)-th entry is
determined by

(AB)jj = Ai1Bij + AppBoj + - - - + Ay By

,
= Y AiByj.
k=1
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Matrix Multiplication and Dot Product

Note that the (/,)th entry of AB is the value obtained by taking the dot
product of the vector formed by the ith row of A and that formed by the
jth column of B.

A A - Arg
A A o Ay By By --- By --- Bi,
; : : By By -+ By --- B,
AB = . . .
All Ai2 A/r :
Brl Br2 BI’J Brn
Aml Am2 Amr
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1 2 -1 -2
Let A= and B = 4 ]. Note that A is 2 X 3 matrix
31 4 5

and B is 3 X 1, the product AB will be a 2 X 1 matrix.
To find the entries of AB:

(1,1)-th entry:

(2,1)-th entry:

(3,1)-th entry:

Thus, we have AB = [ 4 }
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-3

1 2 -1 0
LetA—(31 4)andC— 5
V3

Note that A is 2 X 3 matrix and C is 4 X 1, the product AC is NOT
defined.
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© Matrix multiplication is not commutative.

@ It is not true that if AB =0, then A=0or B = 0.
(Exercise: Find two non-zero 2 X 2 matrices A and B with AB =0.)
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Identity Matrices

Recall that the identity matrix /, is the square matrix /,, of size n with
(1,j)th-entry

Thus,
1 0 1
/12(1),/2=<01),/3= 0

The role of identity matrices in matrix multiplication is like the number 1
in usual multiplication.
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Algebraic Properties

Assuming the sizes of matrices are such that the indicated operations can
be performed, the following rules of matrix arithmetic are valid.

Q Al,=Aand Ih,A= A if Ais mx n. (Identity)

@ (AB)C = A(BC) (Associative Law for multiplication);
Q A(B+ C) = AB+ AC (Left distributive law)

Q (A+ B)C = AC + BC; (Right distributive law)

@ A0=00A=0
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Transpose

Definition

For an m x n matrix A, the matrix A7 obtained by interchanging the rows
and columns of A is called the transpose of A. Thus, the (i,j)th—entry of
AT is

(AT)j = Aj
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Example

1 0 1
LetA:(zl1 2 i)andB: —2 1 0 |. Then
0o -3 -2
4 1 1 -2 0
AlT=133 | B"=(0 1 -3
2 1 1 0 -2
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Properties of Transpose

If the sizes of the matrices are such that the stated operations can be
performed, then

(a) (AT)T = A

(b) (A£B)T = AT £B7

(c) (@A) = a(AT), where « is a scalar.

(d) (AB)T = BT AT ( NOTE the change in order.)
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Invertible Matrices

Definition
Let A be a n X n square matrix. If there is another square matrix B such
that

AB = I, and BA=1I,,

then A is said to be invertible (or non-singular), and B is called an inverse
of A.

If no such matrix B can be found, then A is said to be not invertible (or
singular).
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Invertible Matrices

-1 -2 5 2
LetA-( 3 5>andB—<_3 _1).

Note that AB = /, and BA = I, (Verify these as an exercise).
Since AB = I, and BA = |, we conclude that A is invertible, by definition.
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Let C = . Is there a matrix D such that CD = [?

0 0O
a b c
d e f
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a b ¢
Let E = 2a 2b 2c
d e f

Is there a matrix F such that EF = [?
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Singular Matrices

Note that matrix invertibility is defined for square matrices only. It is clear
that zero square matrices are singular.

Proposition

(a) A square matrix with a row (or a column) of zeros is singular (or not
invertible).

(b) A square matrix with a row (or a column) which is a multiple of
another row (or column) is singular.

In particular, a square matrix with identical rows (or columns) is
singular.
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A row R; is a linear combination of other rows R}, where j # i, means that
there are scalars &;'s such that

R = Z &R =a1 Ry +aoRo+ -+ - +ai 1Ry + a1 Rip1 + - Ron.
J#i

Proposition

A square matrix in which a row (or a column) is a linear combination of
other rows (or columns) is singular.
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Example

Example

Consider
a b c
G = d e f
2a—5d 2b—5e 2c—5f

Note that R3 = 2R; + (—5)R2.
The matrix G singular.
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The Inverse Matrix

Now we prove that an invertible matrix cannot have more than one
inverses. In other words, if an inverse exists, it is unique.

Proposition
If B and B are both inverses of A, then B = B.

—

[Proof.] Note that

AB=1&BA=1,and AB=1& BA=1.
(Our aim is to show that B = B.)
Since B = BI, we have

B =Bl = B(AB) = (BA)B=IB = B.
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The Inverse Matrix

The above proposition says that the inverse of an invertible matrix A is
unique.

In view of this, we shall denote the inverse of A by ALl Thus, we have

AA™l = and AT1A = |.
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The Inverse Matrix

It follows immediately from the above equation and definition of matrix
invertibility that the inverse A~1 of a matrix A is invertible.

Proposition

If A is an invertible matrix, then the inverse A~! is invertible and

(A=A
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2 x 2 Inverse Matrix

For a 2 X 2 matrix, there is a good characterization of invertibility.
Moreover, there is a nice formula for its inverse when it is invertible.

Proposition

|

The 2 X 2 matrix A = ( i d ) is invertible if and only if ad — bc # 0.

In this case the inverse A~ is given by the formula

1 d —b
_1_
A _ad—bc(—c a ) (1)
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2 x 2 Inverse Matrix

Suppose ad — bc # 0. We verify (Exercise.) that the matrix equations are

satisfied
1 d —b a b —
ad—bc \ —c a c d -2
a b 1 d —b _
c d ad—bc \ —c a -2

By the definition of matrix invertibility, A is invertible and its inverse A™1 is

1 d —b
Al = .
ad — bc ( —c a )
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2 x 2 Inverse Matrix (Independent Reading)

i > is invertible, then ad — bc # 0.

Q o

It remains to prove that if A = (

We prove it by contradiction.

Suppose on the contrary that ad — bc = 0.
We shall consider two cases : (a) a=0 (b) a # 0.
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2 x 2 Inverse Matrix (Independent Reading)

Suppose on the contrary that ad — bc = 0.

Case (a) where a = 0, note that either b =10 or ¢ = 0.

If b =0, then A has a row of zero and this it is not invertible.

If ¢ =0, then the first row and second row of A are multiple of each
other. Hence A is not invertible.

Both contradict A being invertible.

Case (b) where a # 0, we have d = %. Then the second row of A is a
scalar multiple of the fist row of A. ( < of the first row ) Thus, A is not

invertible, contradicting A being invertible. .

We conclude that if A is invertible, then ad — bc # 0.

(Nanyang Technological University) Matrices




The above result provides a useful characterization of invertible 2 x 2

. . a b .
matrices. For a 2 X 2 matrix A = c d > the value ad — bc is called
the determinant of A. The above result also provides a formula for the
inverse A~! if the matrix A is invertible.
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Example

Determine whether each of the following 2 X 2 matrices is invertible. If it
is, find its inverse.

94=(33)

cosf sinf
(c) €= ( —sinf® cosf )
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(a) For matrices of other sizes, there is similar result on invertibility via
determinant which will be discussed in latter section. There is also a
formula for the inverse of an invertible matrix. However, the formula
is more complicated than the case for 2 x 2 matrices.

(b) We may use Gaussian method to determine whether a square matrix
is invertible and also to find its inverse. This will be dealt with in
another mathematics course.
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Inverse for Diagonal Matrices

Find the inverse of the following diagonal matrix, if abcd # 0.

O O O w
o O T O
o 0 O O
Q © o o
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Inverse for Diagonal Matrices

More generally, we have the following result for diagonal matrices.

Proposition

Suppose D is a diagonal matrix. Then D is invertible if and only of its

diagonal entries are non-zero, i.e., D = d; # 0 for every i. When D is
1

invertible, D~1 is a diagonal matrix whose ith diagonal entry is 7 for

1
each i.
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Inverse for Diagonal Matrices

o 0 o0 0
d 0 o --- 0 0 di 0 0
0 b 0 - 0 . @
D: . . . . yDi -
0 0 0 d, o 0 . 0
0 0 O din
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Power Matrices

Definition

Let A be a square matrix. We define the nonnegative integer powers of A
to be

A =1 A"=AA---A(n>0).
H/_/
n times

Moreover, if A is invertible, then we define the negative integer powers to
be

A= (A1) =aAT - AT (n>0)

n times
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Laws of Exponents for Matrices

As in the case of real numbers, we have

ArAs — Ar+s’ <Ar)s — Ars.

Let A= ( (1) 1 > Find A2, A3, A* A=2 A3

(Exercise.)
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Laws of Exponents for Matrices

We also have the following laws of exponents.

Proposition

Let n be an integer. If A be an invertible matrix, then A" is invertible and

(An)—l — (Afl)”.

Proof. (Optional.)
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