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Vectors are quantities which have both magnitude and direction. Examples

of vectors include acceleration, displacement, force, momentum and
velocity.

(Nanyang Technological University)

Vectors



Vectors in 2-space(the plane)

Positioning a vector v in the plane IR? with its initial point at the origin O
and the terminal point (v1, v2), we may represent or write the vector v as

v=(un) orv= (Vl ) .

N—

row form N——

column form

The numbers v; and v, are called the components of v.
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Vectors in 3-space

Positioning a vector in 3-space with its initial point at the origin O and the
terminal point (vi, v2, v3), we may represent or write the vector v as

%1
v=(vi,v,v3), orv= Vo
—_——
v3
row form
—_———

column form
The numbers vi, v» and v3 are called the components of v.

Note: It should be clear from the context whether the coordinate
representation (x, y, z) refers to a point or a vector.
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Free vectors

Positioning a vector x from the point P; = (xi, y1,z1) to the point
Py = (x2, y2,z2), we may express the vector v as

—_—
Vv=PiP,=(x0—xi,y»—y1,20 — 21).

In particular, if the starting point is the origin O = (O, 0, O) and the ending
point is P = (xo, y0, 20), then

_—
OP = (XO —0,%—0,2 —0) = (XOv}/OyZO)-
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Suppose that u = (uy, up, u3) and v = (u1, v, v3) are two vectors in
3-space. Then we have the following:

@ (Zero vector) 0 = (0,0,0) is the Zero vector

@ (Equality) Two vectors u = (uy, up, u3) and v = (vi, va, v3) are equal
if and only if 15 = vi, up = v» and u3 = vs.

© (Addition/subtraction)

u—+v= (Ul, u, U3) + (Vl, %3 V3) = (Ul +tvi, it w, u3t V3).
© (Scalar Multiplication) For a real number k, we have

ku = k(ul, un, U3) = (kul, ku2, kU3).
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Length or Norm of a Vector

In 2-space, the length of a vector u = (uy, up) is

lull = \/uf + u3.

In 3-space, the length of a vector u = (uy, up, u3) is

ul| = /u? + u3 + U3

The length of a vector is also known as the norm or magnitude.
Note: The symbol \/a refers to positive square root of the positive real
number a. For example, v/169 = 13.

If a =0, then v/0 = 0.

If a <0, then \/a is not defined as a real number.
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(a) u=(2,-5).
[u II—\/22+( 5)2 = /29,
(b) v=(—1,22).
vl = V(=12 +22+22 = /9 =3
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Remarks on Norm

@ The distance d between two points P = (u1, up, u3) and
— —
Q = (v1, v2, v3) is given by the norm ||PQ|| of the vector PQ,

d= \/(Vl — U1)2 + (V2 — U2)2 + (V3 — U3)2.
@ From the definition of ku, it follows that for k € IR,
[kul[ = [k[]|ul].
Some examples:

13(=1.2,2)[ = 3[[(-1.2.2)|| & [| = 5(-1,2,2)|| = 5][(=1,2,2)]|.
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(a) A vector of length 1 is called a unit vector.
— (=L 0 1) i
For example, the vector u = (ﬁ 0, ﬁ> iS a unit vector.

(b) In particular, the following vectors
i=(1,0,0),j=(0,1,0) and k = (0,0, 1)

are unit vectors along the positive direction of x-, y- and z-axes
respectively.
Thus, we may represent vectors in terms of unit vectors i, j and k :

vV = (Vl, %3 V3) = wii + wj + w3k.
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Unit vector along a direction

(c) For a nonzero vector u, the vector

R 1

a= —u
|u]
——

scalar product

is the unit vector along the direction u.
For example, let u = (1,2, —1), where |lu]| = v/6. Then
1
a=—=(1,2,-1).
121
We may express
u = [[uf|0.
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Dot product

(a) The dot product (or scalar product ) of two non-zero vectors u and v
is a real number defined as follows

u-v = [[ul] |v]| cos,

where 6 € [0, 7T] is the angle (in radians) between the two vectors.

(b) If either u or v is a zero vector, then we define u-v = 0.
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Dot product
Find the dot product of each pair of vectors. l

(a) u=(1,—1) and v = (2,0).

(b) u=(1,-1) and w = (0, 2).

(c) u=(1,-1) and s = (2,2).
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Basic properties of dot product

@ The dot product of two vectors is a real number.

@ For each vector u,

2
uu=[Jul.

© Suppose that u and v are non-zero vectors. Then

u-v=0<—=

u and v are pendicular, i.e., u L v.
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Dot product of unit vectors

We have the following simple facts about unit vectors.

(a) i-i=il* =1,
i-i=ill> =1 and
k- k=|k|?=1.

(b) i-j=0,j-k=0andi k=0.
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Algebraic properties of dot product

Q u-v =v-u (Commutative)
9 (Au)-(uv) = (Ap)u-v.
Qu-(v+w)=u-viu-w.

QO (u+v)-w=u-w+v-w.
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Computing dot product

The basic properties and algebraic properties of dot product lead to an
easy computation of dot product of two vectors which are expressed in
coordinate form, without knowing the angle between them.
Note that u = u1i+ wpj and v = vii + vuj. Thus, we have

u-v = (ui+ wj) - (i + voj)

= (i + wj) - (vii) + (u1i + w2j) - (v2f)

= (i) - (vii) + (w2j) - (vii) + (1i) - (v2j) + (w2j) - (v2])

= (t1ve) (i-0) + (v2va) (5 -1) + (w1v2) (i §) + (v2v2) (G- §)

= v+ hw
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Computing dot product

Therefore we have:

up %1
( >( ) =u1vy + Urwo.
u V2

Similarly
uy Vi
up : V2 = u1vi + vy + u3zvs.
u3 v3
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Find theu-vifu=(23,—1)and v=(1,0,5).

[SOLUTION] We have
u-v=(23-1)-(1,0,5) =2(1)+3(0) + (-1)(5) = —3.

Since u-v < 0, the angle 6 between the two vectors is an obtuse angle.
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Application 1: Find angle between two vectors

The dot product turns out to be very useful, especially in finding the angle
between two given non-zero vectors.

Suppose 6 is the angle between two vectors u and v.
Using u - v = ||u]| ||v|| cos 8, we obtain

u-v

[ul ] Hvl

cosf =
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Find the angle between u = (1,2, —2) and v = (2,3, —6).

[SOLUTION] Let 0 denote the angle between u and v.
Tool used
aev = lul][Iv]| cosf

We shall compute the values u - v, ||u]| and ||v||:
u-v=(1)(2)+(2)(3) +(—2) (—6) = 20.

ull = /(12 + (2% + (—2)* =3
vl = /(2% + (3)2 + (-6)2 = 7

Then

20 20

[ul T[] — (@) (7) ~ 21

cosf =

Hence, we have 20
— o1 Y A
0 = cos 1 0.310 rad.
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Find the angle between u = (—1,—2,2) and v = (2,3, —6)

Let 6 denote the angle between u and v. We have
u-v=(-1)2)+(-2)(3)+(2) (—6) = —20,

Jull = /(=17 + (—2)% + (2> = 3 and
vl = /(202 + (37 + (—6)> =7

Thus we have

u-v  —20 20
full vl @) (@) 21
The negative value indicates that 0 is an obtuse angle. We have

cosf =

2
0 = 71— cos 2% ~~ 2.831748014 rad .
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Application 2: Work Done

One of the many applications of dot product in science and engineering is
to compute work done.

Recall that force and displacement are vector quantities, they have
magnitude and direction.

The work done by a constant force F acting through a displacement D is
the dot product
W =F-D.
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If ||F|| = 50N, ||D|| =30 m, and 6 = 45°, then the work done by F acting
from P to Q is given by

W =F-D = ||F|| ||D|| cos®

150

— (50) (30) \2 =
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Application 3: Projection of a Vector

Suppose v is a non-zero vector. The (perpendicular) projection of a vector
u onto v (or along v) is the vector shown in the diagram:

If the angle 8 is obtuse, then the projection vector is pointing away from v.
NOTATION proj,u.
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Projection of a Vector

Recall the unit vector ¥ along v is the vector

1

V= —v.
[[v]]

The vector projection proj,u of u onto v, is given by

proijyu = (|Ju] cos6)
=(u-v) ¥

In terms of v, we have

) u-v u-v
”%“:(MW>“:(wv)“

(Nanyang Technological University) Vectors




Find the vector projection of u = (1, —2,2) along v = (2,3, —6).

Note that ||v|| = /22 +32 + (—6)2 = 7.
Unit vector ¥ along v is

o1 1 23 6
V=—-——FVv=cv= |-, —5].
v 7 A A

Using proj,u = (u-¥) ¥, we have
. 23 6.\,
projy,u = ((1,—2,2)(7,7,—7)>V

—16
= _""(2,3,-6).
a9 (23.76)
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Cross Product

Important Only defined for vectors in IR3. It is NOT defined for vectors in
other dimensions.

The cross product (or vector product ) of two vectors u and v in R3 is a
vector in R3. It is denoted by by u x v .

Its length (norm) is [|u X v|| = ||u]| ||v|| sin 6.

Its direction fi is the vector perpendicular to both u and v, governed by the
right hand rule (u-index finger, v-middle finger, n-thumb, of right hand).

A
uxv *n

Therefore

uxv=||ull [[v|sind A
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Cross Products of Two Parallel Vectors

If u and v are parallel, then 6 = 0 and thus u x v =0.
In particular, we have
uxu=0.

Hence, we have

ixi=0 jx j=0 kx k=0.
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Cross Products of Two Perpendicular Vectors

If u and v are perpendicular, then 8 = 71/2 and thus |ju X v|| = ||lu]| ||v]|.
In particular, we have
ixj=k jx k=i kxi=]j

Use the right-hand rule to convince yourself the directions of the above
cross products.
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Properties of Cross Products

© The cross product of two vectors u and v is a vector perpendicular to
both u and v (if it is non-zero).

@ u xv=—(vXxu) (anti-commutative).
Qux(v+w)=uxvi+uxw

Q (Au) x (uv) = (Ap) (uxv).
REMARK For two general vectors in IR3, it is not easy to evaluate their
cross vectors via definition.
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Determinant Formula for Cross Products

Ifu= (u1,u,u3) andv = (v1, 2, v3) , then
u u; u u us u
uXxv— 2 3 , 1 3 ' 1 2
Vo V3 Vi v3 Vi W
u u a u u q u u;
— 2 3 i — 1 3 i + ’ 1 2 k.
Vo V3 Vi V3 Vi Vo
v
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Determinant Formula for Cross Products - Proof

ux v = (ui+ wj+ uk) x (vii + voj + v3k)

= wix (Vli + voj + V3k) + upjx (Vli + voj + V3k)
+usk x (Vli + V2j + V3k)

= (u1i><v1i 4+ u1iXvaj + upi X ng) + (U2j>< vii + X wvoj + U2j><V3k)

+ (uskx vii 4+ usk x voj + usk X v3k)
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Determinant Formula for Cross Products - Proof

uXxv=uwvixi+uwixXj+uwixk
Fwvij X i+ hwj X j+ wvsj X k
+uzvik X i+ uzwvok X j+ uzvzk x k
=0+ uyvok + u1v3 (—j) + wovy (—k) + 0+ wrvs (i)
+uzvi (j) + u3va (—i) +0
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Determinant Formula for Cross Products - Proof

uxv= (v —uw)i—(uvs—uv)j+ (u1vo — )k

up u3
Vo V3

up u3
Vi V3

up

J+ Vi W
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Finduxvifu=(1,1,1) and v= (1,0,1).

uxv=(1,11)x(1,0,1)

=(o 2= 33 o)

= (1,0, —1)
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Application 1: Perpendicular Vector

The cross product u X v provides a vector perpendicular to both u and v.
From this, we may obtain a unit vector in this direction.

Example

Find a unit vector A which is perpendicular to both u = (1,1,1) and
v=(101).

Solution

| N\

From the previous example,

uxv=(10,-1).

Thus, we have
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Application 2: Areas

Area of parallelogram with sides u and v is given by

base X height
[[ul| - [lv]| sin®

= |luxv].
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Application 2: Areas

[SOLUTION] Area of triangle ABC is half of the area of parallelogram
with edges AB and AC.

Thus, the area of triangle is

I\)\_l—l
%l
X

Al
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Scalar Triple Product

For three vectors

u %1 wi
u=— up V= Vo and w = Wy in R3,
u3 V3 w3

the dot product u- (v X w) is called the scalar triple product of vectors
u,v and w.
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Scalar Triple Product

The scalar triple product u - (v X w) can be computed numerically as
follows:

V2 3 Vi V3

wip w3

u-(vxw)=uy o

—

+ u3

w2 w3

wi Wy
It can be verified that

u-(vxw)=v-(wxu)=w-(uxv)
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Scalar Triple Product

Theorem

(a) For three non-coplanar vectors u, v and w in R3, the absolute value
|u- (v X w)| of the scalar triple product is the volume of the parallelepiped
which is a three-dimensional figure formed (by six parallelograms) whose
sides are the three given vectors.

(b) For general three vectors u,v and w, if the scalar triple product

u- (v x w) =0, we may conclude that either at least one of the vectors
u,v and w is a zero vector or the three vectors are coplanar (they lie on
the same plane).
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Find the volume of the parallelepiped formed by vectors u = (1,2, 3),
v=(—1,10) and w = (1,2,1).

[SOLUTION] We compute the scalar triple product:
10 -1 0 —
u-(vxw)—l' 5 1 ‘—2) 11 ‘4—3‘ 1 o ‘
=1-2(-1)+3(-3)=-6

Thus the volume of the parallelepiped is 6 unit3.
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Applications of Vectors to Lines

Recall that in IR?, a line is determined by a point on the line and the
gradient of the line. Knowing the gradient of a line, we are able to find a
vector which is parallel to the line.

In R3, it is not meaningful to define gradient of a line. However, it is
useful to know a vector which is parallel to the given line.
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Vector Equations of Lines

A line on IR? or R3 is uniquely determined by its direction vector and a
point lying on the line.

If a line £ is parallel to a vector v and passes through a point with position
vector rg, then a vector equation of £ is

Cir(t)=ry + tv,t € R
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If A, B and C have coordinates (1,1,0),(0,1,0) and (0,0, 1)respectively.
Find a vector equation for the line that is parallel to BC and passes
through A.

[SOLUTION] Direction vector BC = (0,0,1) — (0,1,0) = (0, —1,1).
Thus,a vector equation is given by

—  OA BC R:
v = +t yte lK;

point on line  direction

=(1,1,0)+t(0,-1,1),t e R.
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Equation of a line: Cartesian form

X0
Suppose that a line ¢ passes through ro= [ yo and is parallel to
20
Vi
v=| v |.If (x,y,z)is a point on ¢, then
V3
X X0 v
r=|y |=| y |+t v |.teR
z 2y v3
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Equation of a line: Parametric form

Therefore,
X X + tvg
y | = yot+ttwn | teRk
z zy + tvs

Thus, we obtain the parametric equation of /.

X=xg+tvr, y=yw+twn, z=2z+tws,t € R.
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Angle betwee Two Lines

The angle between two lines 1 and /5 is the acute angle 6 between the
two lines.

Suppose #1 and £5 have direction vectors v; and v, respectively. Then we
have

[vi - va| = [Jvi]| - [|vz]| cos6.
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Find the acute angle between z-axis and the line ¢ :
x=1—t,y=3+2t, z=-5+t

SOLUTION Note that the line £ and z-axis have respective direction
vectors

vi = (—1, V2, 1) and va = (0,0,1).

Let 6 be the acute angle between v; and v,. Then

|vi-vo| = ||vi]| [lvz2]l cosB, i.e., 1 =2cosf.

Thus, we have

92% rad.
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Distance from a Point to a Line

The distance d from a point S to a line £ is the shortest distance between
S and point @ on the line /.

Geometrically, we observe that the distance d is the distance from S to M
on £ where M is the foot of perpendicular of S to /.
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Distance from a Point to a Line

The distance d from a point S to a line ¢ passing though P and with
direction vector v is given by

IIPS||sin® = ||PS x 4.
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Find the distance from a point S(1, 3,2) to the line
¢:r=(0,1,2)4+1t(1,0,1), t € R.

[SOLUTION] Let P denote the point (0,1,2) on ¢, v =i+ k (direction

vector), with |[v]| = v/2. Then PS = (1,3,2) — (0,1,2) = (1,2,0).
The distance from P to { is given by

0 1 0 1 2

1‘— 1 1 ,‘1 o |l

V2 V2 V2 V2
—Il(f*—\f)ll— —=units.

V2’ \f
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MENES

A plane in a space is uniquely determined by a point and its ‘inclination’.
This inclination can be specified by a vector n that is normal, or
perpendicular, to the plane.
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Planes: Vector Equation

Suppose a plane M contains a point Py = (xo, Yo, 2p) and a nonzero
vector n = (a, b, ¢) is normal to it.

If P = (x,y, z) is any other point lying on this plane, then PyP and n are
perpendicular.

We have the vector equation of the plane as follows:

=
I‘l'P()P:O.
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Planes: Scalar Equation

. —_> - -
The vector equation n- PyP = 0 is simply

a X — X0
bl y=—w»w | =0
C zZ— 2y

Expanding the above, we obtain the scalar equation of the plane through
Py = (X0, yo, 20) with normal vector n = (a, b, ¢):

a(x—x0)+b(y—y)+c(z—2)=0
which can be simplified to
ax + by +cz =d,

where d = axg + by + cz.
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MENES

Vector Equation:
—
n- P()P = 0

Scalar Equation:
ax+ by +cz=d,

The coefficients [ b | is a normal vector to the plane.
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Find the scalar equation for the plane through Py (1,2, 3) and
perpendicular n = (4,5,6).

[SOLUTION] The required equation is
4(x—1)+5(y—2)+6(z—3)=0.

Simplifying, we have
4x + by 4+ 6z = 32.
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Find the scalar equation of the plane passing through A(1,0,0),
B (0,1,0) and C (0,0,1).

— —
[SOLUTION] The vectors AB and AC are parallel to the plane so that
their cross product n is a vector normal to the plane, where

—  —
n=ABxAC=(1,1,1)
The scalar equation of the plane is

1-(x—1)+1-(y—0)+1-(z—0)=0,ieex+y+z=1.

(Nanyang Technological University) Vectors



Distance from a Point to a Plane

The distance from a point S to a plane IT is the shortest distance between
point S and points on the plane IT.

If P is a point lying on the plane IT with normal n, then the distance from
—

a point S to the plane IT is the length of the vector projection of PS to n,
—

which is equal to HPS- h ‘
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Find the distance from the point S (1,0, —1) to the plane x — 2y +z = 1.

A normal vector of the plane x —2y +z =1isn = (1,—2,1), with
Inll = V6.

We find a point P on the given plane by finding values x, y and z which
satisfy the equation x — 2y +z = 1.

Let x=0and y =0, we have z = 1.

Thus, we may take P = (0,0, 1).

The required distance is given by HES) . ﬁH which is

((1,0,-1) ~ (0,0,1)) - (1,2, 1)' _

[e)}
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Angle between two planes

The angle between two planes is defined to be the (acute) angle between
their respective normal vectors.

Find the angle between the planes x —2y +2z =1 and 6x —4y +3z =7 \

The respective normal vectors are n; = (1, —2,2) and n, = (6, —4, 3).
Note that ny -ny = 1(6) + (—2)(—4) +2(3) = 20,
[n1]l = V9 =3 and ||ny|| = V/61.

Thus, the angle between the given planes is

2
6 = cos ! (O) ~ 0.547978869 rad.
3v/61
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