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Imaginary number

Does the quadratic equation x?> + 1 = 0 have a real root? That is, are
there real numbers x at which x? = —1?

To deal with the above irreducible quadratic equation, a new symbol ‘i’ is
introduced, where

Thus, x> 4+ 1 = 0 has two distinct roots namely i and —i.
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Powers of i

=P =(-1(-1)=1, P={"i)=i,...
Let k € Z. Then we have
4 k — (I'4)k — 1 I'4k+1 H '4k+2 — _1 I'4k+3 — —I

=1,

Note: Values of /" depends on the remainder when n is divided by 4.

Complex Numbers
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Complex number

(i) A complex number z is a mathematical object of the form x + iy,
where x, y are real numbers. We have z = x 4 iy.

(i) The real numbers x and y are called the real part and imaginary part
of the complex number z respectively. We denote the real and
imaginary parts of a complex number z by Re z and Im z respectively.

(ii) We represent the set of all complex numbers by C.
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Examples of complex numbers

3+5i, 35—i, —V3+i w49

Re(3+5/) =3 and Im(3+5/) = 5.
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Definition (Equality of complex numbers.)

Two complex numbers z = x + iy and 2/ = x' + iy’, where x, x’, y and y’
are real numbers, are said to be equal if

x=x"andy =y

That is, Re(z) = Re(Z’) and Im(z) = Im(Z’). )

Complex Numbers
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Example

Suppose x and y are real numbers such that the two complex number

(2x —3) +5i and (x+7) — (y + 1)/ are equal. Find the values of x and
y.

@ Comparing both real and imaginary parts of the complex number
respectively, we obtain

(2x—=3)=x+7, and 5=—(y+1),

which gives x = 10 and y = —6.
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o We may identify every real number x € IR as a complex number
(why?). In view of this we may think of the set of real number as a
subset of the set of complex numbers, i.e., R C C.
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o We may identify every real number x € IR as a complex number
(why?). In view of this we may think of the set of real number as a
subset of the set of complex numbers, i.e., R C C.

@ We say that a complex number z = x + iy is purely imaginary if the
real part of z, namely x, is zero.
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Argand Diagram

The representation of the complex number z = x + iy is said to be in
rectangular form. By identifying each complex number z = x + iy by the

point with coordinate (x, y), we actually represent the complex number z
by a unique point on the xy-plane.

(Nanyang Technological University)

Complex Numbers



Modulus of z

The modulus |z| of the complex number z = x + iy is

|z| = /X% + y2.

It is the distance of the point (x,y) from (0, 0).
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For z = x + iy, the angle where the line joining points (0,0) and (x, y)
made with the positive x-axis is known an argument of z, denoted by

arg (z).

The counter-clockwise direction is considered ‘positive’ direction, whereas
the clockwise is considered ‘negative’ direction.
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Therefore, arg(z) is the angle 6 such that
x = |z|cos® & y = |z|sinf.
Note that tanf = £, if x # 0.
If arg(z) = 6 (radians), then
arg(z) = 0 + 2kt for every integer k.

In particular, when the angle 6 is chosen such that —7r < 6 < 7T, we say
this is the principal argument of z. It is denoted by Arg(z).
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Polar form of z

Using the modulus and argument we can express a complex number
=x+1y as
z=r(cosb +isinbh),

where r = |z| and 6 is an argument of z.

This representation is known as the polar form (also known as
trigonometric form ) of z.

We also use the notation cisf for (cos® + isin8), and write z = rcis®
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Exponential form of z

The exponential form of a complex number z = r(cos6 + isin6) is

written as
re'®.

@ commonly used in electronics, engineering and physics;
@ convenient in discussing multiplication, division of complex numbers;

o formally discussed in advanced courses in mathematics via series.
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Let z =3 —3i.

(a) Find the modulus and principal argument of z, and hence find its polar
representation.

(b) Write down the exponential form of z.

@ First, find the modulus of z :
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Let z =3 —3i.

(a) Find the modulus and principal argument of z, and hence find its polar
representation.

(b) Write down the exponential form of z.

@ First, find the modulus of z :

o Note that r = |z| = /32 + (—3)2 = 3V/2.
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Example

@ Next we find the argument.
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@ Next we find the argument.
@ The complex number 3 — 3/ lies on the fourth quadrant, and

_ -3
tanf = =5
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@ Next we find the argument.
@ The complex number 3 — 3/ lies on the fourth quadrant, and
tanf = %3

o Let 0 < < 7 such that tana = || = 1. (Basic angle.)

Complex Numbers
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@ Next we find the argument.

@ The complex number 3 — 3/ lies on the fourth quadrant, and
tanf = %3

o Let 0 < < 7 such that tana = || = 1. (Basic angle.)

e Thus, a = 7.

(Nanyang Technological University) Complex Numbers



@ Next we find the argument.

@ The complex number 3 — 3/ lies on the fourth quadrant, and
tanf = %3

o Let 0 < < 7 such that tana = || = 1. (Basic angle.)

e Thus, a = 7.

o We have arg(3 —3/) = — 7.
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Next we find the argument.

@ The complex number 3 — 3/ lies on the fourth quadrant, and
tanf = =3
anf = —°.
Let 0 < a < 7 such that tana = || = 1. (Basic angle.)
Thus, & = 7.

We have arg(3 —3/) = — 7.
Thus the polar form of z=3 -3/ is

3v2 <cos( ) + sin(—— )) = 3\@(:15( )
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We have -
r=|z| =3v2, arg(3-3i)= 7

Thus the exponential form of 3 — 3/ is

3ﬁe%ni.
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=5 -
Express z = 5e73 ' in rectangular form.

o Note that arg(z) = =3Z.

(Nanyang Technological University) Complex Numbers



=5 -
Express z = 5e73 ' in rectangular form.

o Note that arg(z) = =3Z.
@ The principle argument is Arg(z) =

s
3-

(Nanyang Technological University) Complex Numbers



=5 -
Express z = 5e73 ' in rectangular form.

o Note that arg(z) = =3Z.
@ The principle argument is Arg(z) =

s
3-

@ Therefore, we have
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=5 -
Express z = 5e73 ' in rectangular form.

—br

o Note that arg(z) = =3
@ The principle argument is Arg(z) = %.
@ Therefore, we have

Cen. .
@ z=">5e 3 ' =he3!
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=5 -
Express z = 5e73 ' in rectangular form.

Note that arg(z) = =3Z.
The principle argument is Arg(z) = %.
Therefore, we have
z="5e i =5esl

T 7
= 5cos — +isin - =

3
~—~— S~~~

172 V3/2

5 , 5V3:
2+
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Conjugate of a complex number

Definition

The conjugate of a complex number z = x + iy is the complex number
Z=x—1y.

Notation for the complex conjugate of z: z or z*.
Argand Diagram representing z and z:
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z zorz*
345i

10
35—

—V/3+i

T+ 9i

—\/7i
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Conjugate in Polar Form

The conjugate of the complex number

z = r(cos6 +isin®) (in polar form) or z = re® (in exponential form), is
respectively

z" = r(cos(—0)+isin(—0)), or

¢ = rei?
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Let z = x + yi, where x and y are real numbers.
(a) () =(2)==z

(b) z is real if and only if z = z.

(c) z is imaginary if and only if z = —Z.

(d) |z*| = |z| and arg(z*) = —arg(z).
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Addition and subtraction

Given two complex numbers z; = x; + iy; and 2o = x» + iy», we define

z1t2z = (1 £x0)+i(y1 £ y2).

(a) (3+5i) 4 (35— i) = 6.5+4i

(b) (—v3+i)— (m+9i

w
N

= (—V3—m)+(=8)i
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Algebraic Properties

0z4+0=z=0+=z
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Algebraic Properties

0z+0=z=0+4=z2
e For every z = x + iy, the complex number —z = —x + i(—y)
satisfies z+ (—z) = 0= (—z) + z.
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Algebraic Properties

0z+0=z=0+4=z2
e For every z = x + iy, the complex number —z = —x + i(—y)
satisfies z+ (—z) = 0= (—z) + z.

o nt+n=2+2z
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Algebraic Properties

z+0=2z=0+2z
For every z = x + iy, the complex number —z = —x + i(—y)
satisfies z+ (—z) = 0= (—z) + z.

znt+zn=z2+2z
(n+zn)+z=2+(2+2)
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Algebraic Properties

z+0=2z=0+2z
For every z = x + iy, the complex number —z = —x + i(—y)
satisfies z+ (—z) = 0= (—z) + z.

znt+zn=z2+2z
(n+zn)+z=2+(2+2)
ntzn =71tz
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To multiply two complex numbers z; = x3 + iy1 and z = x + iy», we can
perform the multiplication treating i as a symbol. But we replace i> by
(—1) when we simplify it :

z1-z = (xa+iy)(xe+iy2)
= xux +xuiys + (iy1)xe + (iy1) (iy2)
= (xaxe —y1y2) +i(x1y2 + xoy1)

(B3+5i)-(2—1)=3(2)+ (5))(2) + (3)(—i) + (5i)(—1)
=6+ 10/ — 3i — (5/2) = 11 + 7i.
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Algebraic Properties

Theorem
(iz-1=z=1-z
(i) znnn=2-271.
(z1 ) zz=21 (2" 23).

)
)
(v) ZL- =71 2.
)
)

(v) z-z = |z|2. In particular, if z # 0, then z-Zz > 0.

Vi) zi(zo+ z3) = 2120 + 21 23.
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Product in Polar Form

Given two complex numbers expressed in polar form:
71 = r(cosO; +isinf1) & zo = r(cosBy + isinf)

Their product is

@ z1 -2 =r(cosf; +isinfy) - r(cosby + isinby)
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Product in Polar Form

Given two complex numbers expressed in polar form:
71 = r(cosO; +isinf1) & zo = r(cosBy + isinf)

Their product is

@ z1 -2 =r(cosf; +isinfy) - r(cosby + isinby)

e = rir [(cosf; cosBy — sin By sinBy) + (cos Oy sin B2 + sin 01 cos 0]
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Product in Polar Form

Given two complex numbers expressed in polar form:
71 = r(cosO; +isinf1) & zo = r(cosBy + isinf)

Their product is

@ z1 -2 =r(cosf; +isinfy) - r(cosby + isinby)
e = rir [(cosf; cosBy — sin By sinBy) + (cos Oy sin B2 + sin 01 cos 0]
@ =rry(cos(01 +03) +isin(6; +62)) .
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Product in Polar Form

Given two complex numbers expressed in polar form:

71 = r(cosO; +isinf1) & zo = r(cosBy + isinf)
Their product is

z1-2p = r(cosfy + isinBy) - r(cosby + isinby)

= rr [(cosf1 cos By — sin By sinBy) + (cos 07 sin O, + sin 01 cos 0]
= rry (cos(01 + 02) + isin(6; +62)) .

Then |z12,| =
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Product in Polar Form

Given two complex numbers expressed in polar form:
71 = r(cosO; +isinf1) & zo = r(cosBy + isinf)

Their product is

z1-2p = r(cosfy + isinBy) - r(cosby + isinby)

= rr [(cosf1 cos By — sin By sinBy) + (cos 07 sin O, + sin 01 cos 0]
= rr (cos(01 + 62) + isin(01 + 62)) .

Then |z12,| =

and arg (z122) =
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Important Result

(a) Modulus of product is the product of moduli:

|21+ 22| = nn = |z1] ||

(b) Argument of the product is the sum of arguments:

arg(z1 - ) = 01 + 02 = arg(z1) + arg(z).

This implies the complex number z; - z, lies on the line obtained by
rotating the line segment representing z; by the angle arg(z).

(Nanyang Technological University) Complex Numbers



Represent the product on an Argand diagram:
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Represent the product on an Argand diagram

In particular, for a complex number z, the complex number z - €/ is

represented on the Argand diagram by by rotating z through 6.
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Division of complex numbers

1
Recall that to express ——— in the form a + b\/g, we use the
Press 3 2v/5

conjugate 3 — 2+/5 of 3 + 24/5 to perform the following

1 3-2v5  3-2V5 3 2

3+2v6 3-2v5 324 (2v5)?2 20 29
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Division of complex numbers

To divide a complex number z; = x3 + y1i by a non-zero complex number
7 = xp+ yoi (i.e., z» # 0), we use the conjugate z; = xp — y»i as follows:

4] zZy1 2o 212 212y

¥5) z 2 2z |22]2

Note that z, -z = x3 + y3 is a positive real number.
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Express 3 3+5’ in the form a + bi. l

The conjugate of the denominator 2 — j is 2+ i. We have

3451 _ (3+5)(2+17) _ (6-5)+(10+3)i _1 13,

2—i  (2-)2+) 5 “5 5"
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Division in polar form

In polar form, we have z; = r;(cosf; + isinf;) and
2y = ry(cosBy + isinfy), such that

Z1

22

_ ]

|22

arg() = arg(=1) — arg(22)

Thus, we have

a_n (cos(01 — 62) +isin(01 —62)) .
V) N
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Division in polar (exponential) form

Using the exponential form, for z; = re®t and z, = rne® we have

f(91+92)

7120 = (nn)e , and

z n

= i0-0) \where 2, # 0.

Z2 r
Both coincide with the law of exponents we are familiar with in real
numbers.
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Let z = cos® + isin6. Find |z| and show that ! = z.

Note that |z| = \/cos?2 6 +sin?@ = 1. Thus, we have zz = 1 and

=z =-cosf —isinf.

N |
N |
NI NI
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The Fundamental Theorem of Algebra

Theorem (The Fundamental Theorem of Algebra)

Every polynomial equation of the form
anx" 4+ ap_1x" 14 -+ax+a =0,

in which the coefficients ag, a1, . . ., an—1, an are any complex numbers,
whose degree n is greater than or equal to one, and whose leading
coefficient ay, is not zero, has exactly n roots in the complex number
system, provided each multiple root of multiplicity m is counted as m
roots.

Proof (Omitted): Textbook on theory of complex analysis.
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Solving Quadratic Equations

Consider a quadratic equation ax? + bx + ¢ = 0, where a, b and c are real
numbers.
Recall that its discriminant D, is defined as D = b? — 4ac.

(i) If D > 0, the quadratic equation ax? + bx + ¢ = 0 has two distinct

real roots given by
—b+ v/ b? —dac
X = .
2a

(i) If D = 0, the quadratic equation ax? + bx + ¢ = 0 has repeat real
roots given by

_—b
2a
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Solving Quadratic Equations

(ii) If D < 0, the quadratic equation ax? + bx + ¢ = 0 has two distinct
complex roots given by

. —b+iy/—(b*>—4ac)
N 2a '

Note that the two complex roots are conjugate of each other.
When D < 0, the quadratic equation or expression is said to be
irreducible.
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Solve the quadratic equation 2x? —3x +5 =0 \

For the given quadratic equation 2x> — 3x +5 = 0, its discriminant D is
D= (-3)2-4(2)(5) = -31<0.
Thus, 2x2 —3x +5 = 0 is irreducible.

3— /31

4

3+ V3Ll
2 an

The two distinct roots are d which form a

conjugate pair.
Question: From the from the above example, we see that the roots of the
equation appear in conjugate pairs. Is this true in general?
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Polynomial with Real Coefficients

Suppose p(x) = apx" + ap—1x"" L+ -+ a1x + ag is a polynomial in x
with real coefficients ay's. If z is a solution to p (x) = 0, then the
conjugate z is also a solution of p (x) = 0.

For example: suppose zg is a complex root of 9x> + 7x? — 6x + 71 = 0,
then % is also a complex root of 9x> 4+ 7x? — 6x + 71 = 0. Therefore,
(x — z9)(x — Zp) is a quadratic factor of 9x° + 7x?> — 6x + 7. Moreover,
(x — 20)(x — 20) = x® — (20 + 20)x + 22y is a real coefficient quadratic
factor.

(Nanyang Technological University) Complex Numbers



As a consequence of the Fundamental Theorem of Algebra and the above
result, we have the following useful result.

Every odd degree polynomial p(x) with real coefficients has at least one
real root.

For example: 9x® + 7x?> — 6x + 71 = 0 has at least one real root.
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Let z = (cos6 + isinf). Find expressions for z> and z* in the same form.
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De Moivre's Theorem

Theorem (De Moivre's Theorem)

For every rational number n,

(cos6 +isin)" = cosnb + isin nb.

The Euler representation DeMoivre's Theorem is

(eie)” — oilnd).
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(a) (cos® +isinf)°

(b) (cos®+isinf)~*
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Example. Simplify each of the following complex numbers

(a) (cos % + isin %)72

(b) (cosZ +isin%)?
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Express each of the following complex numbers in the form
(cos® +isinB)"

(a) cos70 + isin76.

(b) cosbf — isinb6.
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PROOF of De Moivre's Theorem

We prove the theorem by considering two cases:

First Case: n is a non-negative integer, i.e., n > 0.

Second Case: n is a negative integer, i.e., n < 0.
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PROOF of De Moivre's Theorem

Case: n is non-negative integer
We shall prove

(cos6 + isin®)" = cosnd + isin nb,

forn=20,1,2,3,... by Mathematical Induction.
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PROOF: n is an non-negative integer

1. Verify the result holds for n =0
(cosf + isinB)® = 1,cos 00 + isin 00 = cos0 = 1.
2. Assume the result hold for some non-negative integer k
(cos + i sin0)* = cos k6 + i sin k6.
3. We shall prove the result holds for k + 1 i.e.,

(cosB + isin0)*T™ = cos(k 4+ 1)0 + isin(k + 1)8.
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PROOF: n is an non-negative integer

Indeed:
(cosf + isin0)*™ = (cos® + isin6) (cos® + isin 0)

= (cos k@ + isin kB) (cos6 + isin )
= (cos kB cos @ — sin kfsin ) + i (sin k6 cos 6 + cos kB'sin )
= cos(k +1)8 + isin(kn+ 1)6.

Therefore by Mathematical induction, (cos® + isin6)" = cos nf + i sin nf
for all non-negative integer n.
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PROOQOF: n is a negative integer

Case n is a negative integer, i.e.,, n=—1,—-2,-3,....
Let n = —m where m is a positive integer. Note that
(cos@ +isin®)" = (cosf + isinf)” "
1 1

(cosf +isinf)™  cosmb + isin md

1 cos mB — i sin mf

cosmO + isinm@ cos mf — isin mf

cos mf — isin mo ..
= — = cos mf — isin mf
cos?(m@) + sin“(m6)

= cos(—m@)~+isin (—m6) = cos nf + isin né.
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Finding nth roots

We begin with an example to have a geometrical idea of finding roots of a
complex number before we state the formula for all distinct nth roots of
z=r(cosf+isinb).

Find all distinct cube roots of cos % ~+ isin %
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Distinct nth roots

Theorem (Distinct nth roots)

Consider a complex number z in polar form

z=r(cosf+isinB), wherer >0 and — Tt <0 < .

Then the distinct nth roots of the complex number z = r(cos + i sin )
are

0+ 2k 0+ 2k
zk=\"/7(cos¥+isin¥>,k:0,1,2,3 ..... n—1.
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Distinct nth roots - exponential form

In exponential form, we have all n distinct nth roots f the complex number
z = re'* are

Zk:\nﬁ(ei‘“ik”),k:o,1,2,3,...,n—1.

The n integers can be chosen to be any n consecutive integers.
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Find all distinct 5" roots of v/3 + i.

o First, we express /3 + i in polar form.
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Find all distinct 5" roots of v/3 + i.

o First, we express /3 + i in polar form.
o Note that r = +/3+1=2, and \/§+i:2(§—|—i%) = ¢!

N
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Find all distinct 5" roots of v/3 + i.

o First, we express v/3 4 i in polar form.
e Note that r = v/3+ 1 =2, and \f+’_2(f+15):2e"%.

@ Then apply the formula, we have
D1/5 ™5 U5 | = 0,1,2,3,4;

Complex Numbers
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Find all distinct 5" roots of v/3 + i.

o First, we express v/3 4 i in polar form.
e Note that r = v/3+ 1 =2, and \[+’_2(‘[+I%):2e"%.

@ Then apply the formula, we have
1+12k

D1/5e™ P — 1/5 W50 | = 0,1,2,3,4;
o All distinct 5th of v/3+ i are zy = 21/%e%!, 2, = 21/5e1335”
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Find all distinct 5" roots of v/3 + i.

o First, we express /3 + i in polar form.
@ Notethat r=+/3+1=2, and V3+i= 2(?—1—%) = 2¢'%.
@ Then apply the formula, we have

D1/5 ™5 U5 | = 0,1,2,3,4;
o All distinct 5th of /3 + i are zg = 21/%e%’ 7z = 21/5 %55,
° — 21/56235(?1' 73 = 21/56337(?’ —ol/54 gg"/

_ 21/56 o — 21/5e 31)5”/
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Distinct nth roots

Corollary

The n distinct nth roots of cos + isin @ are

2k 2k 2k
wg = cis (HTN) = cos((H—Tn) + isin(HTn),
k=0,1,2,...,n—1

In exponential form, we have

0+2km
n

Wy = e’(

) k=01,2,....n—1.
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Roots of Unity

Note that 1 =1+ 0/ = cos0 + isin0 = cos 2k7t + i sin2k7t, where k is
an integer. We call n-th roots of 1 the n-th roots of unity.

Corollary (nth roots of unity)

The n distinct nth roots of unity are

2k 2k
zk—cos——l—/inT k=0,1,2,3,...,n—1.

By De Moivre's Theorem, we have

27T . 2
Z, = (21) where z; = cosT + isin —

(Nanyang Technological University) Complex Numbers



On the Argand diagram, all n-th roots of 1 are represented by points on
the unit circle and they are equally spaced by 27”:

I

(Nanyang Technological University) Complex Numbers



Deriving Certain Trigonometric Identities |

Express cos nfl, sin n@ and tan nf in terms of powers of cos#, sinf and
tan@.

Tools:
cos nf = Re(cos nf + isinnf) = Re (cosf + isin0)",

sin nf = Re(cos nf + isin nf) = Im (cosf + isin6)",

Apply binomial expansion to (cos® + isin6)"
Notation used: ¢ = cosf, s =sinf, t = tan6.

(Nanyang Technological University) Complex Numbers



Express sin 360 in terms of powers of sin 6. l

The first step is to note that

sin 360 = Im(cos 36 + i sin 36)
Now, we apply de Moivre's theorem

sin30 = Im(cos 360 + isin 39)
m (cosf + isin6)® (why?)

= Im(c+is)’

= (c +3c?is + 3ci%s? + i3s3)

= Im(c —3cs? +i(3c%s — 5%))

= 3c%s—s3
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Using c2+s2 =1, we have

sin30 = 3c’s—s°
= 3(1-5§°)s—5°
= 3s5—4s°
3sinf —4sin® 6.
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From the above, we have also obtained an expression for cos 36:

cos30 = ¢ —3¢cs? =3 — 3¢(1— c2) = 4¢3 — 3¢

Using the expression for both sin 30 and cos 36, we obtain a similar
expression for tan 36:

sin30 3c%s — s3
cos30  ¢3 — 3cs?
_3c2s—s3 1/c3 _3t—t3
3 —3cs? (1/C3> - 1-3¢2

tan30 =
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Deriving Certain Trigonometric Identities Il

Express cos” 8 or sin” 8 in terms of cosines and sines of multiples of 0, i.e.
cos kO, sin k6.

Main Tool: Let z = cosf + isinf , we have % = cosfO — isinf.

Thus we have cosf =3 (z+ 1) and sinf =1 (z—1).
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Deriving Certain Trigonometric Identities Il

Next, we apply binomial expansion and group z* and zik together.
By De Moivre's Theorem, we have

1
7K = cos k@ + isin k& and = = cos kO — isin k6O
z
which gives
k 1 k 1 s .
"+ = 2cos k6 and z Sl = 2isin k0.
z z

Thus, we obtain an expression involving sines and cosines of multiple of 6.
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Prove that cos® 6 = } (cos 36 + 3 cos6)

Let z = cosO + isin6. We have

cos38 = (cosB) = ( Y %) )3

\

i (2ratralyedr) (@4 S+ D)

= é [2cos36 + 3(2cosb)] = % (cos36 + 3cosh) .
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